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Entanglement properties are routinely used to characterize phases of quantum matter in theoretical compu-
tations. For example the spectrum of the reduced density matrix, or so-called ”entanglement spectrum”, has
become a widely used diagnostic for universal topological properties of quantum phases. However, while being
convenient to calculate theoretically, it is notoriously hard to measure in experiments. Here we use the IBM
quantum computer to make the first ever measurement of the entanglement spectrum of a symmetry-protected
topological state. We are able to distinguish its entanglement spectrum from those we measure for trivial and
long-range ordered states.
Introduction — The patterns of entanglement between lo-
cal degrees of freedom are a fingerprint of many-body quan-
tum phases1–3. Various measures for quantum entanglement
capture different universal aspects of quantum states and al-
low for their classification. Of these measures, the entangle-
ment spectrum, obtained from the spectrum of the reduced
density matrix of a bipartitioned quantum system, reveals the
most detailed information. It was first used in this way by Li
and Haldane4, who characterized the topological order of a
fractional quantum Hall system by matching its low-lying en-
tanglement level counting to the universal level structures of
conformal field theories.
Entanglement spectroscopy further became an important
tool in identifying symmetry protected topological states of
matter (SPTs)1,2,5–8. The defining property of an SPT is that it
cannot be connected to trivial product state via a finite-depth
quantum circuit of local symmetry preserving unitary opera-
tions. SPTs are not topologically ordered in the sense of the
fractional quantum Hall effect, but still feature a topological
bulk-boundary correspondence: (in one dimension) they al-
ways support gapless boundary excitations in an open geome-
try, as long as the boundary does not break the protecting sym-
metry. This bulk boundary correspondence is also manifested
in the entanglement spectrum: the bipartitioning used to de-
fine the reduced density matrix introduces a ‘virtual’ boundary
between parts A and B of the system, and in an SPT topologi-
cal excitations are associated with this virtual boundary lead-
ing to protected degeneracies in the entanglement spectrum9.
While entanglement spectra conveniently characterize
many-body quantum states in numerical simulations, they
are intrinsically hard to measure in condensed matter exper-
iments. It is only recently with the improvements in trapped
ions and superconducting quantum simulators that the entan-
glement entropy10 or density matrix 11 of many-spin systems
can be accessed12. The recent release of IBM cloud quan-
tum computing service allows to test various conceptual ideas
on an actually existing quantum simulator13. Several recent
works characterize the entanglement properties of the IBM
devices14, use them to test various quantum algorithms15–19,
and to solve physical demonstration problems20,21. Here we
show that the high level of control that can be reached on the
IBM analogue quantum computer allows one to both prepare
an SPT state, and to measure its entanglement spectrum.
Topology in quantum paramagnets — SPT phases are
gapped short ranged entangled states with a protecting sym-
metry. In this paper, the we are interested in SPT phases
of one-dimensional paramagnets arising in a chain of spin-
1/2 degrees of freedom with local quantum states |↑〉 and
|↓〉 at each site (corresponding to a chain of qubits on the
IBM quantum computer). According to the classification of
SPT phases1, such one-dimensional bosonic systems support
a topologically nontrivial phase protected by time-reversal
symmetry T with T 2 = +1. We choose the representation
T = K∏i σx,i, where K is complex conjugation and σµ,i is
the Pauli operator with µ = 0, x, y, z acting on site i of the
chain (σ0 being the identity operator).
A trivial paramagnetic state invariant under T is given by
the ground state of
Htriv = −
∑
i
σx,i (1)
which for the example of a chain of lengthN , is a trivial prod-
uct state
|PM〉 = 1√
2N
∑
r
|r〉 = |+〉⊗N , (2)
where r represents all possible binary strings of length N and
|+〉 is the eigenstate of σx with eigenvalue +1.
On the other hand, a topologically nontrivial SPT state pro-
tected by T is given by the ground state of the stabilizer
Hamiltonian
Htopo = −
∑
i
σz,i−1σx,iσi+1 (3)
with periodic boundary conditions imposed. Since all terms
in Htopo commute, its unique ground state |SPT〉 is defined
by
σz,i−1σx,iσz,i+1 |SPT〉 = |SPT〉 , ∀i. (4)
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|q3⟩ = |0⟩ H
|q4⟩ = |0⟩ H
|q5⟩ = |0⟩ H
|q6⟩ = |0⟩ H
|q11⟩ = |0⟩ H
|q12⟩ = |0⟩ H
|q13⟩ = |0⟩ H
|q14⟩ = |0⟩ H
|q3⟩ = |0⟩ H •
|q4⟩ = |0⟩ H ⊕ •
|q5⟩ = |0⟩ H ⊕ •
|q6⟩ = |0⟩ H ⊕ •
|q11⟩ = |0⟩ H ⊕ •
|q12⟩ = |0⟩ H ⊕ •
|q13⟩ = |0⟩ H ⊕ •
|q14⟩ = |0⟩ H ⊕
|q3⟩ = |0⟩ H • •
|q4⟩ = |0⟩ H • •
|q5⟩ = |0⟩ H • •
|q6⟩ = |0⟩ H • •
|q11⟩ = |0⟩ H • •
|q12⟩ = |0⟩ H • •
|q13⟩ = |0⟩ H • •
|q14⟩ = |0⟩ H • •
|q3⟩ = |0⟩ H •
|q4⟩ = |0⟩ H ⊕ •
|q5⟩ = |0⟩ H ⊕ •
|q6⟩ = |0⟩ H ⊕ •
|q11⟩ = |0⟩ H ⊕ •
|q12⟩ = |0⟩ H ⊕ •
|q13⟩ = |0⟩ H ⊕ •
|q14⟩ = |0⟩ H ⊕
|q3⟩ = |0⟩ H • •
|q4⟩ = |0⟩ H • •
|q5⟩ = |0⟩ H • •
|q6⟩ = |0⟩ H • •
|q11⟩ = |0⟩ H • •
|q12⟩ = |0⟩ H • •
|q13⟩ = |0⟩ H • •
|q14⟩ = |0⟩ H • •
|q3⟩ = |0⟩ H • •
|q4⟩ = |0⟩ H • •
|q5⟩ = |0⟩ H • •
|q6⟩ = |0⟩ H • •
|q11⟩ = |0⟩ H • •
|q12⟩ = |0⟩ H • •
|q13⟩ = |0⟩ H • •
|q14⟩ = |0⟩ H • •
(e)
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FIG. 1. (a) Layout of the qubits and two-qubit gates (arrows) in IBM quantum computer ibmqx5. Blue and red qubits were used to measure
entanglement spectra and formed subsystem A and B of the simulated quantum spin chain (with periodic boundary conditions), respectively.
(b)–(d) Circuits used for constructing the quantum states, where H stands for a Hadamard and + for a CNOT gate, respectively. (b) Constructs
the ground state of a trivial paramagnet. (c) Constructs the eight qubit cat state (also ‘GHZ state’). (d) Constructs the ground state of a
topological paramagnet (also ‘graph state’). Hadamard gates that appear next to each other are automatically removed. (e) Symbols for the
various logic gates.
This state is the so called graph state which can be use as a
key resource to achieve one-way quantum computation22,23.
It is also topologically equivalent to the well-known Affleck-
Kennedy-Lieb-Tasaki (AKLT) state24,25.
We now discuss how to distinguish the trivial Eq. (2) and
non-trivial SPT ground states Eq. (4). The classification of
one-dimensional SPT phases in Ref. 1 is based on the fact
that in one dimension any paramagnetic/short-range corre-
lated state can be transformed into a trivial product state via
a local unitary (LU) transformation. However, if the param-
agnetic state is a non-trivial SPT, some of the local operations
comprising such a LU transformation necessarily break the
protecting symmetry. LU transformations are well approxi-
mated by finite depth quantum circuits26. To define a quantum
circuit, we first introduce the piecewise local unitary operators
U˜P =
∏
i∈P
Ui (5)
where Ui is a set of unitary operations acting on nonoverlap-
ping local regions listed in the set P . For the IBM quantum
computer the only available multi-qubit gate is a CNOT gate,
that is, Ui acts on sites i and i+1. The full LU transformation
is then given by a finite product of M piecewise unitaries of
the form of Eq. (5)
UMLU = U˜P1 · · · U˜PM . (6)
A LU transformation that transforms the SPT state |SPT〉
[Eq. (4)] into the trivial product state |PM〉 [Eq. (2)] is ob-
tained by choosing
Ui =
1
2
σ0,i(σ0,i+1 + σz,i+1) +
1
2
σz,i(σ0,i+1 − σz,i+1), (7)
which represents a controlled-Z gate between spin i and i+ 1.
Further using M = 2 with P1 and P2 containing all even and
all odd sites, respectively, one obtains
|PM〉 =
∏
i
Ui |SPT〉 (8)
as the LU transformation. Since U2i = 1 , the same LU
transformation can be used to construct the state |SPT〉 from
|PM〉. The quantum circuit corresponding to∏i Ui is shown
in Fig. 1(d). It is straightforward to see that none of the Ui
commute with T , as expected for a nontrivial SPT state |SPT〉
and a trivial product state |PM〉.
Another characterization of the SPT state is that with open
boundary conditions Hamiltonian (3) supports gapless excita-
tions localized at the chain end. To see this, notice that the
operators σx,1σz,2, σy,1σz,2, and σz,1 all commute with the
Hamiltonian and form a Pauli algebra. They thus enforce a
two-fold degeneracy of the ground state associated with a lo-
calized excitation at the boundary. Since all these operators
are odd under T they cannot be added as perturbations to the
Hamiltonian and we conclude that the gapless topological end
excitation is protected by T .
Entanglement spectrum — For any quantum state |ψ〉, the
reduced density matrix of subsystem A (some subset of the
lattice ) is given by the partial trace of the full density matrix
ρ = |ψ〉 〈ψ| over the complementary subsystem B = Ac, i.e.,
ρA = TrBρ. (9)
The entanglement spectrum is then the set of numbers λi,
i = 1, · · · , NA, where e−λi are the eigenvalues of the opera-
tor ρA and NA is the dimension of the Hilbert space describ-
ing all degrees of freedom in subsystem A. The entanglement
spectrum can reveal information about universal, in particu-
lar topological, properties of the state |ψ〉. For example, if
the bipartitioning is realized by a cut separating a linear chain
into a left and a right half, it has been argued6 that nontriv-
ial SPT phase have entanglement spectra whose low energy
spectra are in one-to-one correspondence with the spectrum of
the system in the presence of a boundary. This statement can
be proved straightforwardly for non-interacting free fermion
systems27. For the case at hand, we study a chain with pe-
riodic boundary boundary conditions, so that a an entangle-
ment cut introduces two ‘virtual’ boundaries between parts A
and B. If each cut comes with a twofold degeneracy, we ex-
pect a 2 × 2 = 4-fold degenerate entanglement spectrum of
the SPT. In contrast, no degeneracies are expected in the low-
lying entanglement spectrum of the trivial PM phase, as it has
no protected boundary modes. The degeneracy is thus a useful
diagnostic for identifying topological phases.
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FIG. 2. Entanglement spectra measured on the IBM quantum computer (red) compared to the theoretical expectations. Light blue symbols
are the theoretical expectations for the respective ideal quantum state. The blue symbols include the effects of sampling noise, present even
for an ideal quantum state, ideal gates and no readout error. Both for the simulated and for the actual measurement, each observable was
measured 1024 times. The plots show the eigenvalues of the reduced density matrix, the largest eigenvalues correspond to the lowest levels in
the entanglement spectrum. (a) Ground state of a trivial paramagnet: A unique lowest state is found in the entanglement spectrum, reflecting
the absence of any entanglement between regions A and B. (b) Eight qubit cat state: A doubly degenerate lowest entanglement level is found
reflecting the long range correlations in this state. (c) Ground state of a topological paramagnet: An entanglement gap separating four low-
lying levels is the fingerprint of this topologically nontrivial state. The theoretically expected perfect degeneracy is already substantially lifted
by the statistical noise (blue), and in the actual experiment further compromised by decoherence, gate errors and readout errors. The right
subpanels are eigenvalues of reduced density matrices drawn from the statistical distribution of them when accounting for the statistical noise
associated with the measurement.
We obtain the entanglement spectrum by measuring the re-
duced density matrix of the subsystem. Given any reduced
density matrix ρA we can decompose it into a sum of Pauli
matrices. For a n-spin subsystem at sites 1, · · · , n we have
ρA =
∑
α1···αn
cα1···αn
1
2n
σα1,1σα2,2 · · ·σαn,n (10)
where the 12n is a normalization factor and the indices αi, i =
1, · · · , n, run over the set {0, x, y, z}. The aim then is to ob-
tain the coefficients cα1···αn given that we have access to the
full density matrix. Since the Pauli matrices are orthogonal
under the trace norm, the coefficients are given by
cα1···αn = TrA [σα1,1σα2,2 · · ·σαn,nρA]
= TrA [σα1,1σα2,2 · · ·σαn,nTrB(ρ)]
= TrATrB [σα1,1σα2,2 · · ·σαn,nρ]
= Tr [σα1,1σα2,2 · · ·σαn,nρ] .
(11)
This means that in order to obtain the coefficients cα1···αn , we
need only measure all the Pauli operators corresponding to
subsystem A. For 4 spins, and ignoring the identity operator,
this gives 44 − 1 = 255 measurements.
After obtaining the coefficients, we reconstruct the reduced
density matrix according to Eq. (17) and we numerically di-
agonalize ρA to obtain the entanglement spectrum.
Results— We consider the different quantum states on a
system of 8 spins (qubits): The trivial paramagnet |PM〉 from
Eq. (2), the cat state
|Cat〉 = 1√
2
(|00000000〉+ |11111111〉) (12)
and the SPT state (graph state) as defined in Eq. (4). We con-
struct these states on the IBM 16 qubit quantum computer ib-
mqx5 using the quantum circuits shown in Fig. 1.
To obtain the reduced density matrix, we have to obtain
the expectation values of the Pauli operators according to
Eq. (17). Since each measurement gives only a 0 or 1, the
experiment consisting of state preparation and measurement
is repeated multiple times in order to estimate the expectation
value. The results we show are taken with 1024 repetitions all
executed within about 15 minutes on the quantum computer.
We refer to the supplementary information for performance
characteristics of the quantum computer (as well as further
information about the measurements.
There are several sources of error which prevent us from
exactly reproducing the density matrix. These errors could
lead to unphysical density matrices with negative eigenval-
ues. The standard way to avoid this is to use a maximum
likelihood estimator28 to obtain the closest physical density
matrix based on the estimated one. All entanglement spec-
tra obtained is shown in Fig. 2 (In the supplementary mate-
rial, we provide the calibration data of the ibmqx5 for the day
where the measurement of Fig. 2c was taken. We also show
in Fig. 4 the entanglement spectra obtained another day and
thus with another calibration set. While there is some varia-
tion between measurements at different days, the qualitative
picture remains unchanged.). We now list the various sources
of error.
The repeated measurement gives rise to a statistical noise.
For example, if the observable σz in the state |+〉 = 1√2 (|0〉+
|1〉) is measured 100 times, within one standard deviation, one
may obtain 55 times ’0’ and 45 times ’1’, and would conclude
that 〈σz〉 = 0.1 instead of the exact 0. To estimate the scale
of the latter error, we computed the probabilistic outcome of
1024 × 256 measurements on the exact states for each of the
three cases |PM〉, |Cat〉, |SPT〉. The entanglement spectra
4d=0 d=1 d=2
(a)
(b)
FIG. 3. (a)Measured mutual information between two regions of the
8-site spin chain. The results are obtained from the measured re-
duced density matrices, measured in the same way as for Fig. 2. The
theoretically exact values are I(A,B) = 0 and I(A,B) = log2 for
all d in the case of |PM〉 and |Cat〉, respectively, and I(A,B) =
2log2, log2, 0 for |SPT〉 at distances d = 0, 1, 2, respectively. (b)
Schematic depiction of Subsystem A (Blue) and Subsystem B (red)
for the various distances d = 0, 1, 2.
computed from the resulting estimate of the density matrix
are plotted in Fig. 2 in the column ‘Ideal’.
Additionally, errors in the real quantum computer arise
from a finite coherence time of the qubits, as well as errors
involved in implementing the gates and in reading out the
qubits. They account for the difference between the columns
‘Ideal’ and ‘IBM’ (the latter obtained from the actual mea-
surement) in Fig. 2. To quantify the statistical noise in the
latter, we have generated a distribution of eigenvalues of re-
duced density matrices drawn from their distribution (see sup-
plemental material for details). The distributions are shown in
the respective right subpanels in Fig. 2. They show a robust
entanglement gap in each of the cases |PM〉, |Cat〉, |SPT〉,
with the expected one, two, and four states above the gap. The
four-fold degeneracy of the entanglement spectrum of |SPT〉
is only approximate in the measurement due to a combina-
tion of statistical noise and more importantly also the errors
present in the quantum computer.
Using the measured reduced density matrices, we can
further compute various entanglement measures. In the
supplemental Sec. D, we give the von Neumann entropy
S1,A = −TrA[ρA log ρA] and the second Renyi entropy
S2,A = − log TrA [ρ2A]. The entanglement structure of
gapped ground states of local Hamiltonians in one dimen-
sional systems is short-ranged. This property can be studied
via the mutual information
I(A,B) = S1,A + S1,B − S1,AB , (13)
where A and B are two subsystems. For the 8-site chain that
we study, A,B consist of two adjacent sites each. A,B can
then be a distance d = 0, d = 1 or d = 2 sites apart, owing
to the periodic boundary conditions. We measured the den-
sity matrix on the four sites comprising subsystems A,B for
d = 0, 1, 2 in each of the three prepared states |PM〉, |Cat〉
and |SPT〉. The results, summarized in Fig. 3, are qualita-
tively consistent with the following theoretical facts: (i) The
mutual information of |Cat〉 cannot be a gapped ground state
of a local Hamiltonian, as its mutual information does not de-
cay with distance, and (ii) |SPT〉 has only local entanglement
that decays with distance. Furthermore, (iii) |PM〉 is a local
product state with vanishing correlations, as even for d = 0
the mutual information vanishes; in our data, this mutual in-
formation does not vanish, but it is certainly smaller compared
to the two other states.
Summary— We measured the entanglement spectrum, a
universal fingerprint of topological phases of matter, using the
IBM quantum computer. With the quickly increasing gate fi-
delities and qubit coherence times29,30, it seems only a matter
of time before quantum simulators/quantum computers will
be able to make precise measurements of the entanglement
spectrum of larger systems, thus providing a useful tool in un-
derstanding topological phases of matter. Further, since ‘topo-
logical software’, for instance the surface (toric) code31, is en-
visioned as one venue to turn an analogue quantum computer
into a digital (error-corrected) quantum computer, the char-
acterization of quantum states in terms of their entanglement
spectrum will be indispensable.
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6SUPPLEMENTARY INFORMATION
A. Performance of the quantum computer and additional measurements
All measurements in this paper were done on the IBM 16-qubit quantum computer ibmqx5 which is calibrated twice daily.
The single qubit gate errors are generally of the order ∼ 0.2% while the controlled-not gates have an error ∼ 4%. In the table
below, we show the specific calibration of the device at the time when graph state density matrix in Fig. 2 was measured.
Qubit Q0 Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8 Q9 Q10 Q11 Q12 Q13 Q14 Q15
T1 in µs 47.1 35.3 35.5 55.3 48.5 51.2 45.3 29.6 45.5 56.9 59.7 31.6 59.5 45.8 33.0 51.2
T2 in µs 36.0 53.8 53.2 63.4 81.9 49.0 79.9 34.8 71.6 108.1 85.9 28.3 53.4 86.6 53 96.3
r×102 8.39 6.31 4.95 4.54 8.89 4.73 5.31 4.83 4.23 8.83 7.65 4.68 11.58 4.83 5.83 9.22
σ×103 2.05 3.42 3.57 1.91 1.20 1.93 1.60 1.92 1.45 0.92 1.64 2.21 1.50 1.51 2.08 3.00
TABLE I. Qubit and readout characterization. Relaxation time T1, coherence time T2, readout error r and single qubit gate error σ . These
values correspond to the calibration of the IBM ibmqx5 16-qubit quantum computer at the time when the graph state density matrix in Fig. 2
was measured.
The graph state density matrix in Fig. 2 was measured in a timeframe that involve a single calibration set. To avoid any bias,
we have repeated such a determination at different times and thus for different calibration sets. While there is some variation
between measurements at different days, the qualitative picture is unchanged as can be observed in Fig. 4. However, note that it
can happen (if one uses bad qubits or if the device was not calibrated as well on a particular day) that the qubit and gate fidelities
are too poor to observe a clear entanglement gap.
A B C
0.00
0.05
0.10
0.15
0.20
0.25
FIG. 4. Some samples of the graph state entanglement spectra taken on different days. Sample C correspond to the measurement shown in the
main text.
B. Measurements and Error estimation
In order to measure the reduced density matrix of a subsystem A, we consider its decomposition into a sum of Pauli operators
ρA =
∑
α1···αn
cα1···αn
1
2n
σα1,1σα2,2 · · ·σαn,n (14)
the coefficients are then given by the expectation value with respect to the full system cα1···αn = Tr(σα1,1σα2,2 · · ·σαn,nρ).
To estimate the coefficients cα1···αn , we prepare the state and measure the corresponding Pauli operator, the result of which
would be 1 with a probability p, and −1 with probability (1− p). We perform the measurement n times, where we typically use
n = 1024 shots. This gives rise to a binomial distribution P (k) where k is the number of 1’s obtained. The coefficient can then
7be estimated by
cˆα1···αn =
k − (n− k)
n
= 2
k
n
− 1. (15)
Since the variable k is distributed according to a binomial distribution we can compute the uncertainty in the estimate cˆα1···αn
as
δα1···αn =
2
n
√
Var(k) =
2√
n
√
p(1− p). (16)
However, this uncertainty is in the coefficients cα1···αn of the density matrix and does not easily translate into an uncertainty of
the individual eigenvalues. Therefore, to illustrate the uncertainty in the eigenvalues, we sample the coefficient with a Gaussian
distribution with mean cα1···αn and standard deviation δα1···αn . We then construct the density matrix with this new coefficients
and obtain a new eigenspectrum. Repeating this procedure many times gives a probability density distribution of eigenvalues
shown in Fig. 2 on the right side of each panel. We use the same method to compute the uncertainty in entanglement entropies.
C. Projection on physical density matrices
Any d× d density matrix can be decomposed into an orthonormal Hermitian operator basis {σi}d
2
i=1 [with Tr(σiσj) = dδij]
µ =
1
d
∑
i
ciσi, (17)
where the 1d is a normalization factor. The coefficients ci are then given by the expectation value ci = Tr(σiµ). For generic
coefficients this matrix would not satisfy the conditions for being a physical density matrix, namely: positive semidefinite,
Hermitian and unit trace.
In order to estimate a physical density matrix from a generic unphysical one, we used maximum likelihood estimation28,
which is implemented in the IBM QISkit library. The basic idea is as follows: Given a set of coefficients ci we want to find the
physical density matrix ρ which minimizes the negative log likelihood function using a Gaussian prior
Llog =
∑
i
[ci − Tr(σiρ)]2 = Tr(µ− ρ)2 =
∑
ij
|µij − ρij |2. (18)
This corresponds to the 2-norm which is basis independent, therefore we can switch to the eigenbasis of µ and the problem is
transformed into a least squares minimization. In this basis µ is diagonal. The optimal ρ is also diagonal in this basis, as any
off-diagonal element only contributes positively to the sum.
Thus our problem is reduced to solving for the eigenvectors and eigenvalues of µ and picking d non-negative eigenvalues for
ρ that minimize the sum in Eq. (18). Let the eigenvalues of µ (ρ) be µi (ρi) and arrange them such that µi ≥ µi+1. We then want
to minimize
∑
i(ρi−µi)2 subject to the constraints:
∑
i µi =
∑
i ρi = 1 (which can be imposed through a Lagrange multiplier)
and ρi ≥ 0 (which is enforced by writing ρi = x2i . This gives the objective function
Λ =
∑
i
(x2i − µi)2 − λ(
∑
i
x2i − 1), (19)
to be optimized with respect to xi and λ. Differentiating with respect to xi, we get
∂Λ
∂xi
= 4(x2i − µi)xi − 2λxi = 0, (20)
which implies that either xi = 0 or
x2i =
λ
2
+ µi (21)
To find λ, we pick a set S = {i|xi 6= 0}. Summing Eq. (21) over i gives
λ
2
=
1
|S|
∑
i6∈S
µi (22)
8and
Λ(S) =
1
|S|
∑
i 6∈S
µi
2 +∑
i 6∈S
µ2i (23)
The task now is to pick the set S which minimises the objective function Λ and which satisfies the nonnegativity condition
λ/2 + µi > 0.
One can show that if µi > µj and i ∈ S then Λ(S) ≤ Λ(S + {j} − {i}). Additionally, we can also show that removing
any element from the set S necessarily increases Λ. Since we have arranged the eigenvalues µi in increasing order, the previous
two statements tell us that the only task left is to pick the largest number k where S = {i|i < k} such that the non-negativity
condition remains satisfied. For more details on the proofs for the various statements and the computational complexity of each
step refer to the original paper28.
D. Entanglement entropies
The von Neumann entropy S1,A and the second Renyi entropy S2,A for trivial paramagnet, cat state, and topological param-
agnet, obtained from the measured density matrices are given by
exact S1,A measured S1,A exact S2,A measured S2,A
|PM〉 0 0.41(1) 0 0.19(1)
|Cat〉 log 2 ≈ 0.69 1.65(2) log 2 ≈ 0.69 1.36(2)
|SPT〉 2 log 2 ≈ 1.39 2.08(2) 2 log 2 ≈ 1.39 1.92(2)
Here, region A consists of 4 adjacent sites of the 8-site chain. Errors are obtained by repeating the computation with density
matrices drawn from their statistical distribution that results from measurement noise and errors. All measured entropies are
larger than the exact theoretical values. We attribute this mainly to the decoherence of the quantum state, which in the infinite
time limit would lead to a fully mixed state. Also, the readout and gate errors are not accounted for and contribute to deviations
of the entanglement entropies from the exact values.
